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Abstract. In this paper we establish a Serrin type regularity criterion on the 
gradient of pressure in weak spaces for the Leray-Hopf weak solutions of the 
Navier-Stocks equations in M 3 . It partly extends the results of Zhou[5] to L 7 , 
spaces instead of L 1 spaces. 



1. Introduction 

In this paper, we consider the following Cauchy problem for the incompressible 
Navier-Stokes equations : 



1.1^ 



du . 
— — h u ■ vu + yp = Aw, 
at 

div u — 0, 
u(x, 0) = u (x), 



in IR 3 x (0, T). Here u = u(x, t) £ M. 3 is the velocity field, p(x, t) is a scalar pres- 
sure field of an incompressible fluid at the point (x, t), and u (x) with div u = 
in the sense of distribution is the initial velocity field. 

The global existence of weak solutions in time was proved by Leray[S] and 
Hopf[9]. However, the answer to the problem of global regularity for the three 
dimensional incompressible Navier-Stokes equations is not known. By weak so- 
lutions of the Navier-Stokes equations, we mean the usual Leray-Hopf solutions: 

Definition 1.1. A vector field u = u(x, t) on M. 3 x (0, T) is called a weak solution 
of ([HI]) in M 3 x (0,T), provided that 

(a) u e L°°(0, T; L 2 (R 3 )) H L 2 (0, T; /f 1,2 (R 3 )), 

(b) div u = in M 3 x (0, T) 

(c) I [ { — u - $ t + VM-V$+(M - Vu) • <5>}dxdt = 
for all $ e C C °°(M 3 x (0,T)) with div $ = in M 3 x (0,T). 
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Serrin[6] proved that if u G L a (0, T; L 7 (M 3 )) is a Leray-Hopf weak solution 
with 2/q + 3/7 < 1,3 < 7 < 00, then the solution u(x,t) G C 00 ^ 3 x (0,T]). 
And then Sohr|10j solved the limit case 2/a + 3/7 = 1. 

There are some regularity criteria in terms of p or Vp for the whole space. In 
2004, Zhou[2] established a final regularity criterion in terms of Vp : 

2 3 2 

Vp G L Q (0, T; L 7 (M 3 )) iuit/i - + - < 3, - < a < 00, 1< 7 <cx) 

a 7 3 

or Vp G L 2/3 (0,T;L°°(R 3 )), or else ||Vp||2,°°( ,T;£°°(R 3 )) is sufficiently small. 

Also in 2004, Kim and Kozono|lj obtained an interior regularity criteria in weak 
spaces in Q x (0, T) under the assumption that ||w||z» (o,T;L r (n)) is sufficiently small 
for some (r, s) with - + - = 1 and 3 < r < 00. They extended the criteria of 
Serrin|6j to the weak space-time spaces. 

The main purpose of this paper is to establish a regularity criterion in weak 
spaces instead of L 7 in Zhou[2j. Our main result is 

Theorem 1.2. Let u (x) G L 2 (1R 3 ) nL 9 (lR 3 ) ; for q > 4, and let div u = in the 
sense of distribution. Suppose that u(x,t) is Leray-Hopf weak solution of U.l\) . 
If 

2 3 2 

Vp G L a (0, T; L1(R 3 )) with - + -<3, - <a<oo, 1<7<oo, 

a 7 3 

or Vp G L a (0, T; -^(R 3 )) is sufficiently small when | + 3 = 3, |<a<oo,l< 
7 < 00 , or else \\ 
solution on [0, T]. 

Here L^(R 3 ) denotes the weak Z7 (M 3 )-space 
L r w (R 3 ) = {ve Lj oc (R 3 ) ■ \\v\\ L r m = su P a\{x G R 3 : \v(x)\ > a}^ < 00} 

cr>0 

The Lorentz space L p,r is defined as follows. We have / G L p ' r , 1 < p < 00, if 
and only if 

POO 

LP , r = ( / (t 1/p f*(t)) r dt/t) 1/r < 00 when 1 < r < 00 
Jo 

lp.oo = supt 1//p /*(t) < 00 when r = 00 
where 

/* (f) = inf{a : m(a, f) < t}, m(a, /) = fx({x : |/(z)| > a}) 
We have the following properties which are useful in this paper, with equality 
of norms, 

L p,p = LPj L p,oo = L p^ when ! < p < 

and 

L p ' ri cL p ' r \ if n<r 2 



7 < 00 , or else \\^p\\ L ^ QT , Loofw3 ^ is sufficiently small, then u(x,t) is a regular 



In particular, 
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L p C L p w . 



2. Proof of theorem 11.21 
Taking Vdiv on both side of (11.11) for smooth (u,p), one can obtain 

3 

-A(Vp)= ^94(V(« iUj )) 

i,i=l 

Therefore the Calderon-Zygmund inequality 

(2.1) ||vp|U, < d|| H|v«| || L , 

holds for any 1 < q < oo. 

Multiply both side of equation (11. ip by 4-u|w| 2 , and integrate over IR 3 : 

(2.2) — ||M||^4 + 4|||V«||M|||i 2 + 2||V|M| 2 ||2 2 <4 / \Vp\\u\ 3 dx 
at J R 3 

(2.3) f \Vp\\u\ 3 dx = [ \Vp\ 1/2 \Vp\ 1/2 \u\ 3 dx 

JR3 J R 3 

4 

(use Holder's inequality with p — 4, q — — ) 
< IIIVpI^H^IIIVpI^ItiHI^ 



\Vp\ 2 )H[ \\7p\-*\u\^ = \\\7p\\U[ |Vp|i|«| 4 )i 
use inequality / \fg\ < \\f\\LP,°°\\g\\ LP >,i, 1 < P < oo) 



< l|Vp||f 2 |||v P |i||L.||Mlf^ (p=2 7 , P'^g^) 



By definition 

f°° dt 

\\f\\ LP ,~ = suvtv*>r(t), \\f\\ LP ,i= / t^nt)- 

t Jo t 

f*(t) = mi{a : m(a, f) < t}, m(a, /) = u({x : > a}) 

Let k > 0, then 

m(a, / fc ) = ^({x : \f k (x)\ > a}) = a({x : |/(x)| > a 1 ^}) = m (a 1 / k , f) 
(f k )*(t) = mf{a : m(a, f k ) < t} = inf{a : m(o l ' k , /)<*} = (f*(t)) k 
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Then 



IIIVpI 



supt 1/p (|Vp|i)*(t) 

t 

supt 1/p (\Vp\*(t))i 



(BUp^|Vp|*(*)) 



Li 3 



We obtain 



4 / |Vp|M 3 cfe<4||Vp||! 2 ||Vp|| 



I L7, 



?1 



4||I 



(■use Cauchy's inequality with e) 



(2.4) 

where 4 < 4p' 



127 
37-2 



<e||Vp||l, + C(e)||Vii||£ 7 ,-|||«ri| i y,i 
< 12 as 1 < 7 < 00. 



Next, we want to estimate HM 4 | 



lp 



Claim 2.1. 



127 



ImII 4 12 7 < \\u\\t 4 7 |M|rl2 , 1 < 7 < OO. 
/. 2 

12(7-1) 12 



In fact, m 3 t- 2 = it 3 t- 2 u 3 "/- 2 , using Holder inequality with p 
37 — 2, one can easily obtain this inequality . 

Claim 2.2. V / G L P,1 (IR 3 ), V < pi < p < p 2 , 

\\f\\L^<C(p lPl )\\f\\ LP1 +C(p,p 2 )\\f\\ LP2 

Proof. 



37-2 

3(7-1)' 



Lp>i 



< 



f ao t L/p nt)T= [ 1 t L/p nt)%+ r* /p nt)T 

Jo t Jo t Ji t 

sup(t 1/p2 /*(t)) / t^^ _1 rft + sup(t 1/pi /*(t)) / tn'p^dt 

t Jo t Jo 



PP1 
P-Pl 



LP^' 



+ 



PP2 
P2~P' 



LP2' 



We note that L p C L*, this completes the proof. 



Let 5(7) = 3^2, < 71 < 7 < 72. As q (7) is a decreasing function, 9(71) > 
9(7) > g(7 2 ). Due to Claim O 



I LP 



\U\ 



L^r=^ 



37 , < C(7,7l)|||u| 4 || 371 + C(7, 7 2 )|| |W| 4 || 372 



L'-^i-' 2 



L'^2-2 



(2.5) 



C(7 5 7l)IM| 4 12 71 +^(7,72)11^11 1272 
£371-2 £372-2 



Case 1: J + | = 3(Vp is sufficiently small in L Q (0, T; L2,(M 3 ))). 
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Let 71 = 1, then 5(71) = 12. Use Claim [2TTI We obtain 

IIMlzy.! <c(7,i)IMIl 12 + c( 7 ,72)IMI 4 1** 



<c(7,i)Nllx 2 + c(7,72)IHi; V 4 72 >ir 



L12 



Since 

|| w ||| 12 = |||m| 2 ||2 6 < C|||Vu|M||| 2 
Apply §TQ) and Claim ED to we have 



u\\^ + A\\\Vu\\u\\\l2 + 2\\V\u\ 2 \\ 2 L 2<A I \Vp\\u\ 3 dx 



-1 

2 4d_j_) j_ 

< eC|||Vu| \u\ \\ 2 L 2 + (7(e) || Vp||I 7 ,» (C( 7 , 1) |M| 4 12 + <7( 7) 72) ||u|| 



<eC|||V«|H||i 2 + C 1 (e,7)||Vp||i 7 , 00 |||Vw|H||| 2 + C a (e,7)l|Vp||i 7l00 ||||w||;: 72 >"" J 



4(1- — ), 
L4 || "111,12 



(■use Cauchy's inequality with S) 



272 



< eC|| I Vu\ \u\ ||| 2 + d(e, 7) || Vplll^ || | Vu\ \u\ || 2 2 + C 3 (e, 7, 5) || VpllJ^ 1 |M|i 4 + 5||u|| 4 i 2 
After choosing suitable e and 5, we have 

J 2 72 

(2-6) ^IMIl^CllVpll^Hullt. 



note that j^zij < s^~rj < a - Due ^° ^ e integrability of Vp, it follows that 
(2.7) sup || M (-,t)|| 4 L4 <C(T)|| Mo ||l4. 

0<t<T 

Case 2: f + ^ < 3 (Vp is bounded in L Q (0,T; LX(R 3 ))). 

Let 71 = then \ + \ = 3. It follows from ([23]) that 

|||m| 4 HlpM < C(7,7i)||w|| 4 i2 71 + C(7,7 2 )||m|| 4 1272 

The same as Case 1, we can get 

d f 

— ||M|| 4 4 + 4|||VM||u|||2 2 + 2||V|M| 2 ||i 2 <4 / |Vp|M 3 da; 
at J R3 

< e C|||V M || M ||| 2 :2 + C( e )||Vp||i, 0O (C(7,7i)hl| 4 1^ +C( 7 ,7 2 )lkl| 4 1272 ) 

£371 -2 L^2^ 
271 272 

< eC|||V«|H||| 2 + (C 2 (e, 7 ,5i) II Vp||^? + C 2 (e, 7, 5 2 ) || Vpll^ 17 ) |M|£ 4 + (*i + 5 2 )\\u\ 
Then, with suitable e , 8\ and 5 2 , we have 

J 2 72 

(2-8) ^|M| 4 i4 < (dUVpll^.- +C 2 ||Vp||2 ( -7- 1) )|| M || 4 L4 

As above, we can eet (12.71). 
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Case 3: (a, 7) = (§,00) (|| ^P\\ L i {0>T . L ^ m is sufficiently small). 
Taking the limit case in (12 .4p . we have 

4 / |Vp|| M | 3 rfx<4||Vp||l 2 ||Vp||t, 00 ||| M | 4 ||i 1 

JTS? 

<e\\Vp\\l 2 +C(e)\\Vp\\U\\<\\^ 

< ec\\\vu\\ u \\\li + c^iivpiii^iHii, 

The same as Case 1, after choosing suitable e, then use Gronwall inequality, we 
can get fF2T7l) . 

This apriori estimate (12.71) is what we want. Then we use a result of Giga [5]: 

Theorem 2.3. Suppose uq G L s (R 3 ), s > 3. T/ien t/iere exists Tq and a unique 
classical solution u G BC([0, T ); Z/(IR 3 )). Moreover, let (0,T*) be the maximal 
interval such that u solves U.l\) in C((0, T*); L S (R 3 )), s > 3. T/ien 

( 2 - 9 ) im-,r)|| £ .> (7 ,_^ (8 _ 3)/2a 

wit/i constant C independent ofT* and s. 

Proof of Theorem We follow the method of Zhou [2J: Since uo(x) G 

L 2 (M 3 ) n L 9 (1R 3 ) for q > 4, due to Theorem E3] (s = 4), there exists a unique 
solution u(x, t) G BC([0, T*); L 4 (IR 3 )). Since u is a Leray-Hopf weak solution, we 
have by the uniqueness criterion of Serrin-Masuda [6] [7] 

■u = u on [0, T*). 

By the apriori estimate (12. 7p . and the standard continuation argument, we can 
continue our local smooth solution corresponding to uq G L 4 (IR 3 ) to obtain u G 
BC([0,T\; L 4 (M 3 )) n C°°{R 3 x (0,T]). This completes the proof of Theorem O 



Remark The limit case (0,7) = (00, 1) is not solved in this paper. 
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